Integrand Simplification Rules

1. ju (v+w)Pdx whenv==0

X: Ju (v+w)Pdx whenv=0

Derivation: Algebraic simplification
Note: Many rules assume coefficients are not unrecognized zeros.
Note: Unfortunately this rule is commented out because it is too inefficient.

Rule: If v == 9, then
ju (Vv+w)Pdx — fuwpdx

Program code:
(* Int[u_.*(v_+w_)"p_.,x_Symbol] :=

Int[uxw”p,Xx] /;
FreeQ[p,x] && EqQ[v,0] *)

1: ju (a+bx")?dx whena=0

Derivation: Algebraic simplification
Rule: If a = 9, then
Ju (a+bx")Pdx — Ju (bx")Pdx

Program code:

Int[u_.*(a_+b_.*x_“n_.)"p_.,x_Symbol] :=
Int [ux (b*x”n)”*p,x] /;
FreeQ[{a,b,n,p},x] && EqQ[a,0]
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2: Ju (a+bx“)pd1x whenb == 0

Derivation: Algebraic simplification
Rule: If b = 9, then
Ju (a+bx")Pdx — Juapdlx

Program code:
Int[u_.*(a_.+b_.*x_"n_.)"p_.,x_Symbol] :=

Int[uxa”p,x] /;
FreeQ[{a,b,n,p},x] && EqQ[b,0]

3: Ju (a+bx"+cx2")pd1x when a == 0

Derivation: Algebraic simplification
Rule: If a == 9, then

J.u (a+bx"+cx2")pdlx — J.u (bx"+cx2")pd1x

Program code:

Int[u_.*(a_+b_.#x_"n_.+c_.*x_"j_.)"p_.,x_Symbol] :=
Int[ux (bxx*n+c*x” (2xn))*p,x] /;
FreeQ[{a,b,c,n,p},x] & EqQ[j,2xn] && EqQ[a,0]
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4: Jh(a+bx“+cx“)pdxmmenb=0

Derivation: Algebraic simplification
Rule: If b = 9, then

Jh(a+bx"+cx“)pdx-a Jh(a+cx2ﬂpdx

Program code:
Int[u_.#(a_.+b_.*x_"n_.+C_.*X_"j_.)"p_.,x_Symbol] :=

Int[ux (a+Cc*x”(2%n) ) p,x] /;
FreeQ[{a,b,c,n,p},x] & EqQ[j,2+n] && EqQ[b,e]

5: Jh(a+bx"+cx“)pdxmmenc=a

Derivation: Algebraic simplification
Rule: If ¢ = 9, then

Jh(a+bx"+cx“)pdx-a Jh(a+bxﬂpdx

Program code:

Int[u_.(a_.+b_.#x_"n_.+C_.*x_"j_.)"p_.,x_Symbol] :=
Int[ux (a+bxx”n)*p,x] /;
FreeQ[{a,b,c,n,p},x] & EqQ[j,2+n] && EqQ[c,e]
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2: ju (av+bv+w)Pdx whenvdependsonx

Derivation: Algebraic simplification

Rule: If vdepends on x, then

Ju (av+bv+w)Pdx — Ju ((a+b) v+w)Pdx

Program code:

Int[u_.*x(a_.*v_+b_.*v_+w_.)"p_.,x_Symbol] :=
Int[ux ((a+b) *v+w)*p,x] /;
FreeQ[{a,b},x] && Not[FreeQ[v,x]]

3: ju P[x]Pdx whenp¢ @ A Simplify[p] €Q

Derivation: Algebraic simplification
Note: Rubi’s integration rules assume integer and rational exponents are recognized as such.

Rule:If p¢ 0 A Simplify[p] € Q,then

JuP[x]pud]x — Jup[x]Si'"P“fY“’] dx

Program code:

Int[u_.*Px_"p_,x_Symbol] :=
Int[uxPx~Simplify[p],x] /;
PolyQ[Px,x] && Not[RationalQ[p]] && FreeQ[p,x] && RationalQ[Simplify[p] ]
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4. jaudlx
1: jadlx

Reference: CRC 1

Rule:

jadlx — aXx

Program code:

2: [a (b+cx)dx

Derivation: Power rule for integration

Rule:

a(b+cx)?

Ja (b+cx)dx —
2c

Program code:
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3: ngjdx

Reference: G&R 2.02.1, CRC 2
Derivation: Constant extraction

Note: Since the rule for extracting the imaginary unit from integrands includes the function Identity, it is not displayed
when showing steps thus avoiding trivial steps when integrating expressions involving hyperbolic functions.

Rule:

J}ljdx — aﬁ[udx

Program code:

Int[-u_,x_Symbol] :=
Identity[-1]*Int[u,Xx]

Int[Complex[@,a_]*u_,x_Symbol] :=
Complex[Identity[@],a]*Int[u,x] /;
FreeQ[a,x] && EqQ[a”2,1]

Int[a_xu_,x_Symbol] :=
axInt[u,x] /;
FreeQ[a,x] && Not[MatchQ[u, b_xv_ /; FreeQ[b,x]]1]
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5: [au+bv+..dx

Reference: G&R 2.02.2,2.111.1 CRC 2,4, 23,27
Note: By actually integrating linear power of x terms, this rule eliminates numerous trivial integration steps.

Rule:

Jau+bv+---d1x — afudlx+b VdAdX + ..

Program code:
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6: J(c X)™ (U+V+.e) dx

Derivation: Algebraic expansion
Rule:

J(cx)"‘ (U+V+.r) dX — J(cx)'"u+ (€x)"v+ ... dx

Program code:

Int[(c_.*x_)”~m_.xu_,x_Symbol] :=
Int [ExpandIntegrand[ (c*x) “m%u,x],x] /;
FreeQ[{c,m},x] & SumQ[u] && Not[LinearQ[u,x]] && Not[MatchQ[u,a_+b_.xv_ /; FreeQ[{a,b},x] & InverseFunctionQ[v]]]

7. Ju (av)™ (bv)" ... dx

1: Ju (ax")'"dlx when m ¢ Z

Derivation: Piecewise constant extraction

Basis: 0, 200

a
xmn -

Rule: If m ¢ Z, then

aIntPart [m] (a X") FracPart[m]
ux""dx

Ju (ax")"x —

X FracPart [m]

Program code:

Int[u_.*(a_.*x_"n_)"m_,x_Symbol] :=
a*IntPart[m] % (a*x”n) ~FracPart[m] /x" (nxFracPart[m]) *Int [uxx”" (mxn),x] /;
FreeQ[{a,m,n},x] &&% Not[IntegerQ[m]]
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2: Juv'“ (bv)"dx when me z

Derivation: Algebraic simplification

Basis: If m € Z, then v™" == bl—m (bwv)™

Rule: If m € z, then

1
J.uv’" (bv)"dx — 7Ju (bv)™"dx
b

Program code:

Int[u_.*v_"m_.*(b_xv_)”n_,x_Symbol] :=
1/b*mxInt [u* (b*xVv)~ (m+n) ,x] /;
FreeQ[{b,n},x] && IntegerQ[m]
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3. Ju (av)" (bv)"dx whenm¢Z A n¢z
1. Ju (av)" (bv)"dx whenm¢zZ A n+%ez
1. Ju (av)" (bv)"dx whenm¢ z A n+%ez+

1: ju (av)" (bv)"dx whenm¢Z A n+ %ez"A m+nez

Derivation: Piecewise constant extraction

Basis: Oy @ =0
a

X]

Basis:If n+ 1 ¢ z,then (bv)" = b™: /by (5N
a"z+/av

Rule:lf m¢ Z A n+%ez*/\ m+n e Z,then

a'"*éb"';m
u(av)" (bv)"dx — —Juv’“*“dlx
Vav

Program code:

Int[u_.x(a_.*v_)*m_=*(b_.*v_)”~n_,x_Symbol] :=
a” (m+1/2) *xb” (n-1/2) *Sqrt [bxv] /Sqrt[axVv] *Int [uxv” (m+n) ,x] /;
FreeQ[{a,b,m},x] &&% Not[IntegerQ[m]] && IGtQ[n+1/2,0] && IntegerQ[m+n]

X: ju (av)" (bv)"dx whenm¢zZ A n+ %ez"A m+n¢zZ

Derivation: Piecewise constant extraction

. /b F[x _
Basis: Oy aFix (%]
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Basis: If n + > € z,then (bv)" = b™: by 5N
a"z+/av

Rule:if m¢ z A n+%ez*/\ m+n ¢ Z,then

1
n--—

J b">Vbv
u(av)" (bv)"dx — —Ju (av)™"dx

a 2Vayv

Program code:

(* Int[u_.x(a_.»v_)*m_=*(b_.*v_)”~n_,x_Symbol] :=
b~ (n-1/2) *Sqrt[bxv] / (a”(n-1/2) *Sqrt[axVv]) *Int [ux (axVv)” (m+n) ,x] /;
FreeQ[{a,b,m},x] &% Not[IntegerQ[m]] && IGtQ[n+1/2,0] && Not[IntegerQ[m+n]] =)

2. J-u (av)" (bv)"dx whenm¢z A n—ieZ‘

1: Ju (av)" (bv)"dx whenm¢zZ A n- %EZ“/\ m+nez

Derivation: Piecewise constant extraction
Basis: 0 VaF[x] (%)
X /b F[X]

Basis:If n— 1 € z,then (bv)" == b™z Vayv (av)"

2 a""z/bv
Rule:If me¢ Z A nf%eZ‘/\ m+n e Z,then

a5 b Vav
u(av)" (bv)"dx » —m8

Vbv

Program code:

Int[u_.x(a_.*v_)"m_x(b_.%v_)”~n_,x_Symbol] :=
a” (m-1/2) xb” (n+1/2) *Sqrt[a*v] /Sqrt[bxv] *Int [uxv” (m+n) ,x] /;
FreeQ[{a,b,m},x] &% Not[IntegerQ[m]] &% ILtQ[n-1/2,0] && IntegerQ[m+n]

ju vt dx
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X: ju (av)™ (bv)"dx whenm¢zZ A n - %eZ'A m+n¢z

Derivation: Piecewise constant extraction
Basis: Oy VaFixl __ g

Vb F[x]
Basis: If n - 1 ¢ z,then (bv)" = b":Jav  (gy)n
a""2+/bv

Rule:lf m¢ Z A n—%eZ’A m+n ¢ Z,then

J ™ Vav.
u(av)" (bv)"dx — I—Ju (av)™"dx

n+—

a""7Vbv

Program code:

(» Int[u_.*(a_.*v_)"m_»(b_.*v_)~n_,x_Symbol] :=
b” (n+1/2) *Sqrt[axv]/ (a” (n+1/2) *Sqrt [bxv]) *Int [u*x (axV)” (m+n) ,x] /;
FreeQ[{a,b,m},x] &% Not[IntegerQ[m]] && ILtQ[n-1/2,0] && Not[IntegerQ[m+n]] =)
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2, Ju (av)" (bv)"dx whenm¢Z A n¢z

1: Ju (av)" (bv)"dx whenm¢Z A n¢Z Am+nez

Derivation: Piecewise constant extraction

Basis: 0, (LEXLZ
ass<3X<aFm>n (%)

Rule:lf m¢Z Ane¢Z A m+n ez, then

ju (av)" (bv)"dx —
(av)"”

Program code:

Int[u_.x(a_.*v_)*m_=*(b_.*v_)”~n_,x_Symbol] :=
a” (m+n) = (bxv) *n/ (a*Vv) *n*xInt [uxv” (m+n) ,x] /;
FreeQ[{a,b,m,n},x] && Not[IntegerQ[m]] && Not[IntegerQ[n]] && IntegerQ[m+n]

am+n (b V) n

ju v™t dx
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2: ju (av)" (bv)"dx whenm¢Z AnN¢Z Am+n¢z

Derivation: Piecewise constant extraction

Tee (bE[x])" __
Basis: Ox @Fx])" = (%]

Rule:lf m¢Z An¢Z A m+n ¢z, then

bIntPar‘t[n] (bV) FracPart[n]
u(av)" (bv)"dx — u (av)™"dx
aIntPart(n] (av) FracPart[n]

Program code:

Int[u_.x(a_.*v_)*m_=*(b_.*v_)”~n_,x_Symbol] :=
b~AIntPart[n] * (bxv)~FracPart[n]/ (a”IntPart[n]* (a*xVv)~*FracPart[n])*Int[u* (a*xv)” (m+n),x] /;
FreeQ[{a,b,m,n},x] && Not[IntegerQ[m]] && Not[IntegerQ[n]] && Not[IntegerQ[m+n]]
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8. Ju (a+bv)" (c+dv)"dx whenbc-ad==0

1: Ju (a+bv)" (c+dv)"dx whenbc-ad=0 A (meZ \% §>0)

Derivation: Algebraic simplification
Basis:If bc-ad=0 A (mez Vv 2>0),then (a+bz)"= (2)" (c+dz)"

Rule:ifbc-ad=0 A (mez vV %>@),then

bym
Ju (a+bVv)" (c+dv)"dx — [E] Ju (c+dv)™"dx

Program code:

Int[u_.*(a_+b_.*v_)"m_.*(c_+d_.*v_)"n_.,x_Symbol] :=
(b/d) *m*Int [u* (c+d*Vv) ™ (m+n) ,x] /;
FreeQ[{a,b,c,d,n},x] &% EqQ[bxc-axd,0] && IntegerQ[m] && (Not[IntegerQ[n]] || SimplerQ[c+d*x,a+b*x])

Int[u_.*(a_+b_.*v_)"m_=x(c_+d_.*v_)"n_,x_Symbol] :=
(b/d) *mxInt[u* (c+dxVv) " (m+n),x] /;
FreeQ[{a,b,c,d,m,n},x] & & EqQ[bxc-axd,0] && GtQ[b/d,0] && Not[IntegerQ[m] || IntegerQ[n]]
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2: Ju (a+bv)" (c+dv)"dx whenbc-ad=0 A - (meZ VnNnez v §>0)

Derivation: Piecewise constant extraction

Basis: If b c — ad = 0, then s, &LExD" _

(c+d F[x])"

Rule:ff bc-ad=0@ A~ (mezVvnezV %>@),then

(a+bwv)"

Ju (a+bv)" (c+dv)"dx — JU (c+dv)™"dx

(c+dv)"

Program code:

Int[u_.x(a_+b_.»v_)”*m_=*(c_+d_.*v_)”~n_,x_Symbol] :=
(a+bxVv) *m/ (c+d*Vv) *m*Int [ux (c+d*Vv)~ (m+n) ,x] /;
FreeQ[{a,b,c,d,m,n},x] &% EqQ[bxc-axd,0] && Not[IntegerQ[m] || IntegerQ[n] || GtQ[b/d,0]]
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9:Jh(a+bvw(A+Bv+cw)dxvmenAN-abB+a2c=a/\ms-1 2?22

Derivation: Algebraic simplification

2

Basis: If Ab®-abB+a®C=0,thena+sz+cz?= 2 (a+bz) (bB-aC+bCz)

Rule:If Ab2-abB+a%?C==0 A m=< -1, then

1
ju (@av)" (bv+cv?) dx — —Ju (av)™? (b +cv) dx
a

1
Ju (@a+bv)" (A+Bv+CV}) dx — TJU (a+bv)™ (bB-aC+bCv) dx
b

Program code:

(* Int[u_.x(a_.»v_)"m_=»(b_.*v_+c_.»v_"2),x_Symbol] :=
1/axInt[ux (a%xv)”~ (m+1) * (b+cxv) ,x] /;
FreeQ[{a,b,c},x] &% LeQ[m,-1] =*)

Int[u_.x(a_+b_.xv_)"m_x(A_.+B_.*v_+C_.%Vv_"2),x_Symbol] :=
1/b~2xInt [u* (a+b*V) ~ (m+1) xSimp [b+B-axC+b*Cxv,x],x]| /;
FreeQ[{a,b,A,B,C},x] && EqQ[Axb”2-axbxB+a”2xC,0] && LeQ[m,-1]
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10: fu (a+bx")" (c+dx™")Pdx whenac-bd=0 A pez

Derivation: Algebraic simplification
Basis:If ac-bd =0 A pecz,then (c+dx")P = <§>P (a+b x")P

xnP

Rule:lf ac-bd =0 A p e Z,then

Ju (a+bx")" (c+dx™)Pdx — (S)pJde

a x"P

Program code:
Int[u_.x(a_+b_.*x_"n_.)"m_.*(c_+d_.*x_"q_.)"p_.,x_Symbol] :=

(d/a) *pxInt [ux (a+bxx”n)~ (m+p) /X (nxp) ,X] /;
FreeQ[{a,b,c,d,m,n},x] &% EqQ[q,-n] && IntegerQ[p] && EqQ[axc-bxd,0] && Not[IntegerQ[m] && NegQ[n]]

11: ju (a+bx")"‘ (c+dx2")'"‘d1x whenb?c+a?d=0 A a>0 A d<0

Derivation: Algebraic simplification
Basis:If b2c+a’d=0 Aa>0 Ad<0,then (a+bz)" (c+dz?) "= (-
Rule:If b2c+a’d =0 A a>0 A d< 0,then

[ufarox)? (crax) max - [_5]mju (a-bx") "ax

d

Program code:

Int[u_.#(a_+b_.#x_"n_.) m_.*(c_+d_.#x_"j_)"p_.,x_Symbol] :=
(-b”2/d) “m*Int [ux (a-b*x"*n)~ (-m),x] /;
FreeQ[{a,b,c,d,m,n,p},x] & EqQ[j,2#n] & EqQ[p,-m] && EqQ[b"2xc+a"2+d,0] & GtQ[a,0] && LtQ[d,O]
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12: Ju (a+bx"+cx*")Pdx whenb?-4ac=0 A pez

Derivation: Algebraic simplification

Basis: If b>-4ac=0,thena+bz+cz?= 2 (Q+cz>2
2
Basis: If b2 -4ac =0,thena+bz+cz?- (\/?+b—z)

Rule:If b>-4ac==0 A pezthen

, 1 b 2p
u(a+bx"+cx ﬂpdx-a — Ju|—+cx"| dax
cP 2

Program code:

Int[u_.*(a_+b_.*x_+c_.*x_"2)~p_.,x_Symbol] :=
Int[uxCancel[ (b/2+c*x) " (2xp) /c*pl,Xx] /;
FreeQ[{a,b,c},x] & EqQ[b"2-4xaxc,0] && IntegerQ[p]

Int[u_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
1/c*pxInt[u* (b/2+c*xx”n) " (2xp) ,x] /;
FreeQ[{a,b,c,n},x] && EqQ[n2,2xn] &&% EqQ[b”2-4xaxc,0] && IntegerQ[p]
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